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An adiabatic matching device (AMD) generates a tapered high-strength magnetic field to capture positrons emitted from a positron
target to a downstream accelerating structure. The AMD is a key component of a positron source and represents a technical challenge.
The International Linear Collider collaboration is proposing to employ a pulsed, normal-conducting, flux-concentrator to generate a 5
Tesla initial magnetic field. The flux-concentrator structure itself and the interactions between the flux-concentrator and the external
power supply circuits give rise to a nontrivial system. In this paper, we present a recently developed equivalent circuit model for a flux
concentrator, along with the characteristics of a prototype fabricated for validating the model. Using the model, we can obtain the tran-
sient response of the pulsed magnetic field and the field profile. Calculations based on the model and the results of measurements made
on the prototype are in good agreement.

Index Terms—Equivalent circuit, flux concentrator, mutual inductance, pulsed magnet, transient magnetic field.

I. INTRODUCTION

THE particles emitted from a positron source usually have a
broad energy spread and wide angular distribution [1]–[4].

In order to collect the emitted positrons, a matching device is
often employed to match the phase space of the positrons to
the acceptance aperture of an accelerating structure. The current
baseline configuration of the International Linear Collider (ILC)
positron source, an adiabatic matching device (AMD), which
generates a tapered flux profile with initial magnetic field up
to 5 Tesla, is needed for matching the positron beam emerging
from the conversion target to the input aperture of the positron
pre-accelerator (PPA). Since the AMD will be operating in a ra-
diation-hard environment [5], a pulsed normal conducting flux-
concentrator is an optional candidate for fulfilling the require-
ment [6], [7].

The flux-concentrator first appeared in inductive heating [8].
Applications for producing high intensity pulsed magnetic field
were discussed previously [6], [7], [9]–[11]. Fig. 1 shows the
cross-sectional views of a typical flux-concentrator. It consists
of a primary excitation coil, carrying an azimuthal current, sur-
rounding a solid conducting core with a radial slot running from
the inner bore of the core to its outer surface. A time dependent
current in the primary coil will induce a magnetic flux in the
core. Since there is a slot in the core, an induced current on the
outer surface will be directed to flow along the radial direction
when it reaches the slot. The direction of the current around the
inner contour of the bore will be opposite to that on the outer sur-
face. The induced current generated in the core tends to shift the
flux of the primary coil into the smaller region inside the central
bore and relieves the mechanical stress arising from the Lorentz
force on the primary coil. In addition, a benefit of the flux-con-
centrator structure is that the field profile can be changed by the
shape of the taper.

Due to the complexity of a flux concentrator structure, ana-
lytic methods, even approximate ones, are seldom employed in
the study of its properties. Numerical methods can be employed
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Fig. 1. Cross-sectional views, both longitudinal and transverse, of a typical flux
concentrator: 1: primary coil, 2: central core, 3: radial slot, 4: bore.

to obtain the magnetic field as implemented in the studies of
magnetic devices, for which a coupling of the field solution to
the external circuits has been developed [12], [13], [17]. In this
investigation, an alternative approach to modeling the magnetic
device is employed. It is based on coupled distributed circuits
consisting of self and mutual inductance and resistance for both
the core region and the coil. In this way, the interface with ex-
ternal circuit is readily accessible at the terminals of the coil,
while the core region is partitioned into a sequence of coupled
two-dimensional structures, each modeled by distributed equiv-
alent circuits. The formulation is distributed in nature and has
been successfully applied to calculate the skin effect in trans-
mission lines [14], [15]. Interface with external driver circuit
can be incorporated in an efficient manner.

In order to verify the effectiveness of this model, a prototype
flux-concentrator was designed and built. Result of measure-
ments of the prototype at room temperature is compared to the
prediction by the model and the observations are discussed in
this paper.

II. EQUAVALENT CIRCUIT MODEL

A. Modeling of Flux Concentrator With Partitions

Modeling of the flux concentrator begins with dividing the
central core into thin axial disks along the axial direction, fol-
lowed by subdividing each disk into concentric rings, as shown
in Fig. 2. Adjacent rings are connected with each other at the
slot location. Let the disks be numbered from 1 to G. Each disk
will have a different number of rings due to the tapered section.
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Fig. 2. Partitioning of a flux concentrator.

Fig. 3. Two adjacent rings within the same disk form a circuit loop.

The th disk has concentric rings. The rings will be labeled
as , which is referred to as the th ring of the th disk. There
are concentric rings, where

(1)

The accuracy of the model will depend on the meshing process,
as reflected by the number of disks . The final number was
determined by gradually increasing until the parameters ob-
tained by the model settled within 0.1%. This occurred when
the thickness of the disks was limited to 2 mm for the prototype
structure to be described in the following sections.

We assume the current in a concentric ring flows azimuthally,
without crossing the boundaries of the ring, except when inter-
connecting with other rings within the same axial disk at the
slot location. We justify this assumption by noting that the mag-
netic field inside the core only has radial and axial components,
except at the slot area. In addition, we assume that the current
density within each ring is uniform but varying from ring to ring.
With these assumptions, the concentric rings are modeled using
lumped circuit parameters.

Each concentric ring is modeled as a circuit branch, including
a resistor and an inductor that are serially connected
together. To model the slot effect, we introduce an equivalent
resistor, , which is frequency dependent. This approximation
simplifies the circuit model from 3-D to 2-D, and greatly reduces
the computation time. Any two adjacent rings within the same
disks are connected by two equivalent resistors at the slot loca-
tion to form a circuit loop. Fig. 3 shows a circuit loop formed by
rings ( ) and ( ). is the equivalent resistor connecting
the two rings at the slot location.

We can also model the primary coil as a resistor and an in-
ductor that are serially connected, with mutual inductances
accounting for its coupling to the rings in the core, to be de-
scribed in Figs. 4 and 5. Since there is always loss in a practical
power supply, and the cables connecting the power source with

Fig. 4. Modeling of coupling in a flux concentrator, (a) coupling between two
concentric rings (i; j) and (m; k), (b) coupling between the primary coil and
ring (i; j).

Fig. 5. Modeling of the entire flux concentrator including primary coil and
external circuit.

the primary coil also introduce some loss, the external circuit is
modeled as an ideal voltage source, , serially connected with
a small external resistor, . The coupling between rings and
rings to the primary coil are mediated by mutual inductance, .
Fig. 4(a) shows the coupling between any two rings ( ) and
( ). The coupling between the primary coil and ring ( ) is
illustrated in Fig. 4(b). Finally, we model the entire flux concen-
trator with the external power supply circuit as shown in Fig. 5.

B. Calculation of Circuit Parameters

With the assumptions mentioned in the previous section, the
DC resistance for the concentric ring ( ) is calculated as

(2)

where is the resistivity of the central core, is the length of
the concentric ring ( ), and is the cross-sectional area of
the ring.

The equivalent resistance, , connecting two adjacent rings
at the slot location is calculated as

(3)

where is the distance between the centers of two adjacent
rings, is the ring width along the axial direction, and is the
skin depth, which is expressed as
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(4)

where is the permeability of the core material, and is the
frequency.

Using Neumann’s formula [16], [], the mutual inductance be-
tween two concentric rings, with radius and , and distance
d between their centers, can be calculated as

(5)

The integral from (5) can be exactly solved analytically as

(6)

where the modulus is

and are the complete elliptic integrals of first and second
kinds

(7)

Due to the existence of the slot, the rings are not closed.
Hence, the inductance calculation by (6) needs to be modified
to include this effect. We assumed that the mutual inductance of
the full ring ((6)) is reduced by , therefore the following is
the modified equation:

(8)

Here, and are angles of two partial rings.
Similarly, we can calculate the resistance and inductance of

the primary coil. The mutual inductance between the coil
and ring ( ) is calculated as follows:

(9)

where is the angle of partial ring ( ), is the radius of
ring ( ), is number of turns of the primary coil, and is
the radius of turn , here . While the coupling
coefficient between the coil and the core is not expected to be
high since no ferromagnetic or high permeability material was
employed, no attempt was made to estimate the coefficient. The
mutual inductances were obtained directly from (6) and (9).

C. Coupled Circuit Equations

The upper part in Fig. 5 is the primary loop, which includes
voltage source, , equivalent external resistance, , resistance
and inductance of the primary coil, and , and the coupling
from the central core, . According to Kirchhoff’s Voltage
Law, with the assumption that the currents in the primary coil
and concentric rings have the same direction, the circuit equa-
tion in the primary loop in frequency domain can be expressed
as

(10)

where is the externally applied voltage from the source, is
the current in the primary coil, is the current flowing through
ring ( ), is the angular frequency, and is the square root of

1.
As mentioned earlier, the th disk consists of rings. Any

two adjacent rings form a circuit loop. Hence, there are
independent circuit loops totally for disk . For the circuit loop
formed by ring ( ), ring ( ), and the slot equivalent
resistor, , the circuit equation can be expressed as

(11)

where

if and ,
Otherwise

and

if and ,
Otherwise.

According to Kirchhoff’s Current Law, the following equa-
tion is obtained for disk , from Fig. 5:

(12)

Hence, from (10)–(12), a total of equations are ar-
rived at. Finally, we express the coupled circuit system with ma-
trix format as

(13)

Here,
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,

,

matrix of circuit
parameters.

By solving the systems of equations, the frequency domain
solutions of the currents in the primary coil and all the concen-
tric rings can be obtained.

D. Calculation of Magnetic Field

From the solution of the frequency domain current distribu-
tion, the calculation of magnetic flux density at a reference lo-
cation of the central axis for any single concentric ring ( ) is
straightforward with a given current using the following equa-
tion:

(14)

where is the on-axis magnetic flux density at the reference
plane, is the current flowing through the concentric ring ( ),

is permeability of air, is the radius of the ring, and is
the relative position of the ring to the reference plane along axial
direction.

For the calculation of in the flux-concentrator, we make
the assumption that the ring is not a partial but complete circle,
so that in employing (14) for the calculation of the magnetic
field, the effect of the slot is neglected. This is justified by noting
that while the presence of the slot is vital for interrupting the
azimuthal current and redirecting it to eventually flow in an op-
posite sense in the inner core, the slot itself makes little contri-
bution to the total magnetic flux in the bore, since the currents
on the two walls facing the slot gap are opposite to each other
and tend to cancel when the slot is narrow. The apparent ap-
proximation in neglecting the slot is therefore only in the extra
ampere-turn due to the gap region incorporated in (14). A nu-
merical calculation by summing the contributions across the slot
gap gave an error of less than 3% in the total flux density along
the axis of the bore. By incorporating the effects from all the
current rings of the flux concentrator and the primary coil, the
frequency domain solution of magnetic field at any given point
is obtained and the transient response of the magnetic field can
be found by performing inverse Fourier Transform. By varying
the longitudinal position of the reference plane, the distribution
of on-axis magnetic field can be calculated in the same way.

III. DEVELOPMENT OF PROTOTYPE

A. Experimental System

In order to assess the validity of the circuit model, a proto-
type flux-concentrator was assembled using a coil formed from
copper tubing and a plug-in aluminum core. Fig. 6 shows the
cross section and a picture of the prototype. The excitation coil
has 168 turns, wound with rectangular copper tubing, 0.64 cm

0.64 cm in cross section. The plug-in core, 24 cm in diameter
and 8.7 cm in length, is made of aluminum. A bore is cut inside
the core. The bore starts with a straight section, followed by a
45 tapered section. The straight section has a diameter of 2 cm.

Fig. 6. Cross section and picture of a prototype flux concentrator, which in-
cludes a coil surrounding an aluminum core.

Fig. 7. Experiment system setup of a prototype flux concentrator.

As an important part of the prototype system, a pulsed power
supply was designed by integrating an insulated-gate bipolar
transistor (IGBT) module, Powerex CM200DY-12NF, with a
regulated dc power supply. The entire experimental circuit of
the prototype flux concentrator is shown in Fig. 7. The IGBT
module includes two transistors with free-wheeling diodes. The
gate and emitter terminals of the upper transistor are shorted,
and the lower transistor is connected to the IGBT gate driver.
When a pulse signal from the pulse generator enters the IGBT
gate driver, a control voltage from the gate driver is applied
across the gate and emitter terminals of the lower transistor to
drive the switch on or off.

B. Measurements of Transient Responses

With the experimental system in place, the prototype flux-
concentrator was experimentally characterized at room temper-
ature. To gain insight into the operational mechanism of a flux-
concentrator, we made measurements on three configurations.
The first one is referred to as coil-only configuration, which
solely consists of the excitation coil without the plug-in alu-
minum core; the second one is the no-slot configuration, which
includes the excitation coil and the plug-in core but no radial
slot is cut; and the last one is the flux-concentrator, which in-
cludes the coil and the plug-in core with slot. For all three con-
figurations we measured the transient response of the voltage
across the coil terminals, the current flowing through the coil,
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and the axial magnetic flux density, , on the central axis of
the coil assembly. The pulsed current was measured by using
a current probe, LEM PR 430, which is based on Hall effect
with frequency range from dc to 20 kHz. The pulsed magnetic
field was measured by using a Hall effect magnetic sensor, Hon-
eywell SS495A1. The magnetic sensor was calibrated prior to
measurement. All the measured data were displayed by an os-
cilloscope, Tektronix TDS540, and read out to a computer using
a GPIB adapter.

Fig. 8 shows the transient responses of the voltage, current,
and axial magnetic flux density, , for the three configurations
excited with a voltage pulse of 50 ms pulsewidth from the pulsed
power source. Fig. 8(a) shows the measured results for the coil-
only configuration, Fig. 8(b) is for the no-slot configuration, and
Fig. 8(c) is for the flux-concentrator. The voltage and current
curves show very little difference for the three configurations.
The rising edge of the voltage is around 3.3 V, followed by a
gradual reduction with the increase in current in the coil. The
transient current curves have a peak current of around 11 A,
although there is a small difference in the time constant. The
difference in the curves of the transient magnetic flux density is
very remarkable, as expected.

For the coil-only configuration, the transient magnetic flux
density increases gradually and reaches the peak at the pulse’s
falling edge time ms . The transient magnetic flux den-
sity for the no-slot configuration increases very slowly in the
rising period of the exciting pulse, and reaches the peak after
the falling edge of the exciting voltage pulse, reflecting that the
induced current in the plug-in core is to counteract the change
of the current in the coil. The transient magnetic flux density
of the flux-concentrator rises more quickly and the peak mag-
netic flux density shows a more than 30% gain over that of the
coil-only configuration. The field enhancement comes from the
fact that the induced current in the core tends to shift the flux
generated by the primary coil into the smaller region inside the
central bore. A detailed analysis is presented in the following
section.

C. Measurements of Field Profiles

To study the effect of the bore shape on magnetic field profile,
a half tapered and half straight bore was machined in the plug-in
core. The axial transient magnetic flux densities, , were mea-
sured along the central axis, , for both the no-slot configura-
tion and flux concentrator. Both field profiles were plotted at
the falling edge of the exciting voltage pulse cm as
shown in Fig. 9. cm shows the starting position of the
central core. For the flux concentrator, the peak axial magnetic
flux density is located near the joint of the tapered and straight
sections. The field decreases gradually on the side of the tapered
section. On the side of the straight section, the field first reduces
slightly, and shows a rapid drop after leaving the straight section

cm . For the no-slot configuration the axial magnetic
flux density forms a valley near the joint, with peaks outside the
end surfaces of the central core on both sides.

IV. COMPARISON WITH RESULTS FROM MODEL

Employing the distributed circuit model developed in the
previous section, transient currents and magnetic flux densities
were calculated for the no-slot configuration and the flux con-
centrator with same geometry and materials. Fig. 10 shows the

Fig. 8. Transient responses of the voltage, current and axial magnetic flux den-
sity,B , for three configurations: (a) coil only configuration, (b) no-slot config-
uration, and (c) flux concentrator.

distribution of typical induced currents in the plug-in core for
the no-slot configuration. For a given disk, we plot the transient
current for three different rings of the plug-in core. The ring
currents have the same direction, but opposite to that in the
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Fig. 9. Measured field profiles along the central axis at time instant 50 ms for
both flux concentrator and no-slot configuration. The starting position of the
plug-in core is located at Z = 0 cm.

Fig. 10. The typical current distribution in the plug-in core for the no-slot con-
figuration.

coil. The amplitude of the currents varies dramatically along
the radial direction. The peak current on the outer surface is
much larger than that on the inner surface. The induced current
in the core counteracts the magnetic field produced by the coil,
and causes the transient magnetic field curve to slowly increase
during the rising section of the current waveform, eventually
form peak at the falling section of the current waveform, as
shown in Fig. 8(b). The typical transient current curves in the
plug-in core of the flux concentrator are shown in Fig. 11. The
current on the bore surface has almost the same magnitude as
that on the outer surface of the core, but their directions are
opposite. The direction of the current on the bore surface is
the same as that in the coil. Compared with the currents on
the surfaces, the currents at the interior of the core are much
smaller in magnitude. These phenomena agree well with the
operational mechanism of a flux concentrator.

Based on the calculation of currents in the coil and plug-in
core, we can obtain the transient magnetic field curves in the

Fig. 11. The typical current distribution in the plug-in core of the prototype
flux concentrator.

Fig. 12. Comparison of the measured magnetic field with the modeling results
for the no-slot configuration.

middle of the central axis for both the no-slot configuration and
the flux concentrator. Fig. 12 shows the comparison of the mea-
sured transient axial magnetic flux density, , with the mod-
eling results for the no-slot configuration. The comparison of
the transient magnetic flux density for the flux concentrator is
shown in Fig. 13. For both configurations, we also calculated the
transient axial magnetic flux densities, , at different locations
along the central axis, , using the circuit model, and obtained
the field profiles at the falling edge of the exciting voltage pulse
time ms . Fig. 14 shows the comparison of the measured

field profile with the simulated results for no-slot configuration.
The comparison of the field profiles for the flux concentrator is
shown in Fig. 15.

From the comparisons, one observes that the predictions by
the circuit model exhibit good agreement with the measured
data. The small difference between the measured data and the
calculation is ascribed to an overestimation on the coupling be-
tween the plug-in core and the primary coil and an underestima-
tion in the core losses.

V. CONCLUSION

A distributed circuit model has been proposed for calculating
the transient response of a flux-concentrator. To validate the
model a prototype flux-concentrator was designed and built.
Three configurations were excited by a current pulse and
their transient responses measured: coil-only configuration,
no-slot configuration, and flux-concentrator configuration. The
measurements showed that compared to that of the coil-only
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Fig. 13. Comparison of the measured magnetic field with the modeling results
for the flux concentrator.

Fig. 14. Comparison of the measured on-axis field profile with the modeling
results for the no-slot configuration.

Fig. 15. Comparison of the measured on-axis field profile with the modeling
results for the flux concentrator.

configuration the peak magnetic field of the flux-concentrator
increased by more than 30%, whereas for the no-slot structure
the peak magnetic field decreased by approximately more than
40%.

Magnetic field profiles for both the no-slot configuration and
flux-concentrator with half tapered and half straight bore shape
were measured. The measured data accurately matched the vari-
ation of the field profile in both the tapered and straight sections.

The transient current distribution in the plug-in core and the
transient magnetic fields were calculated using the respective
circuit models for the no-slot configuration and the flux-con-
centrator. The induced current distribution in the core evidently
accounts for the enhancement effect on the magnetic field of
the flux-concentrator and the field characteristics of the no-slot
configuration. The transient magnetic fields and field profiles
calculated by the circuit model for both the no-slot configura-

tion and the flux-concentrator showed good agreement with the
measured data.
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